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It is well known that while forward scattering has no effect on the conductance of one-dimensional 
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systems, backscattering off a static impurity suppresses the current. We study the effect of a time- 
dependent point impurity on the conductance of a one-channel quantum wire. At strong repulsive 
interaction (Luttinger liquid parameter g < 1/2), backscattering renders the linear conductance 
greater than its value e^/h in the absence of the impurity. A possible experimental realization 
of our model is a constricted quantum wire or a constricted Hall bar at fractional filling factors 
f = l/(2n + 1) with a time-dependent voltage at the constriction. 
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^ ■ I. INTRODUCTION 

"j^ I There are several motivations to study one-dimensional (ID) quantum conductors. Quantum wires are expected to 
be an essential component of future nano electronic devices. The analogy between ID electron liquid and edge states 
I of the 2D electron gas is conducive to the understanding of the Quantum Hall effect There are also many other 
' O related systems such as vortex lines in type-II superconductors ||] . From the theoretical point of view ID conductors 
^ ' are the simplest non-Fermi-liquid systems. Probably, the most appealing consequence of non-Fermi-liquid behavior 
is the existence of fractionally charged quasiparticles, recently observed in experiments on Quantum Hall systems 
Since the experimental setup was based on a realization of ID quantum wire with an impurity, the latter problem has 
received considerable renewed attention. 

The effect of an impurity on a gas of noninteracting electrons is evident. It leads to backscattering, hence to 
(^D • suppression of the current. Qualitatively the same happens in the case of a static impurity in the presence of 
PsJ ' electron-electron interaction too. However, in that case the effect turns out to be counterintuitively strong. Even an 
■ arbitrarily weak impurity renders the conductance of a long wire equal to zero, thus effectively cutting the wire into 
I two independent pieces This is yet another manifestation of strong correlations in a non- Fermi-liquid state. 

. While recent activity has focused primarily on the problem of static impurities, it is also interesting to understand 
' what happens if the impurity potential depends on time. This question touches upon the problem of pumping 0| 
and the effect of phonon pulses in ID conductors Recent works |^ consider the effect of a time-dependent 
' impurity on Fermi-liquid states. Much less attention was devoted to the interplay between a time-dependent impurity 
and non- Fermi-liquid effects pO| . In this article we study the simplest question of this type: how a weak, point-like 
impurity whose potential depends on time affects the conductance of a quantum wire with a repulsive electron-electron 
interaction. In the absence of interaction the answer would be obvious. The impurity would decrease the current, the 
Q ' suppression of the current depending on the strength of the impurity potential. Surprisingly, for interacting systems 
^ , the time-dependent backscattering impurity can enhance the conductance. This is the main result of the present 
^ Letter. Such enhancement takes place as the interaction strength exceeds a threshold value. In terms of the Luttinger 
liquid parameter g the threshold is g = 1/2. We would like to emphasize that the predicted current enhancement is a 
linear effect, and the linear conductance of a one-channel wire becomes greater than the conductance quantum e^/h 
for strong repulsive interactions. 

The paper is organized as follows: first we discuss the origin of the effect qualitatively. In the third section we 
formulate our model and discuss the details of the set-up (e.g. the way how the voltage is applied). In the forth section 
details of calculations are discussed. In conclusion we discuss the results and possible experimental realizations. 



II. QUALITATIVE DISCUSSION 

Let us first discuss the origin of the effect qualitatively. While a purely qualitative discussion is insufficient to 
explain the threshold value g — 1/2, we show below that our effect can be derived heuristically from a simple analysis 
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of the structure of the Hamiltonian. Our detailed analysis yields quantitative results concerning the weak impurity 
limit and is based on the bosonization technique | 

Using the analogy between a quantum wire and edge states of the 2D electron gas |l^ , we interpret backscattering 
off a weak impurity as tunneling between two chiral systems of right- and left-movers. The tunneling density of 
states diverges as the energy approaches the Fermi energy [0. In other words, backscattering is enhanced in the two 
following cases: 1) the energy of the incident particle is close to the Fermi energy of the electrons moving in the same 
direction; 2) the energy of the backscattered particle is close to the Fermi energy of the electrons which move in the 
direction opposite to that of the incident particle. The left and right Fermi energies differ by the applied voltage V. 
These statements about the dependence of the backscattering amplitude on the energy do not hold for noninteracting 
electrons. In that case one should only note that scattering to an occupied state is impossible. The energy dependence 
is more pronounced for the stronger electron-electron interaction. 

Now we are in a position to consider a time-dependent impurity. Let us assume for simplicity that the time- 
dependent potential is harmonic, W(t) ~ U cosut. Note, however, that the current enhancement is possible for a 
general periodic potential. In our qualitative discussion we consider the case hoj > eV; fioj ~ eV, where V is the 
voltage and e = — |e| - the electron charge. In this case we predict particularly strong current enhancement. We 
assume that the Fermi energy of the particles moving to the left is SpL = eV and the Fermi energy of the right-movers 
- i^FR = 0. The scattering is inelastic. For small U only processes involving an emission (absorption) of a single 
quantum are allowed, hence the energy change is zLTiuj. There are four backscattering processes (Fig. 1) which we 
denote as , R^, where the letter shows the type of particles (left- or right-movers) and the +/— sign corresponds to 
increasing/decreasing the energy of the particle. The processes R~ and L~ are suppressed by the Pauli principle since 
they lead to the scattering into states which are below the Fermi energies, -EpL and i?FR respectively. The processes 
L+ and i?"*" drive particles into states above the Fermi energy. However, only i?+ processes lead to the scattering of 
the particles with initial energy around E'er to final states with energy close to -Bfl- As discussed above, for such 
particles the probability of backscattering is enhanced. For L+ processes the particles with the initial energy close 
to E'fl are backscattered into the states whose energies are not close to -Efr- Hence, the backscattering amplitude 
for such processes is less than for i?+ processes. On the other hand, L(i?)+ processes are effective for particles with 
energies E in the interval i?FL(FR) > E > £'fr(fl) ~ where iJpL > i?FR (cf. Fig. 1). Hence the number of 
left-moving particles which potentially can be subject to strong L'^ backscattering processes exceeds the number of 
right-movers which potentially arc subject to i?"*" processes As the electron-electron interaction increases, i?"*" 

becomes more important. At some threshold the latter begins to provide the main contribution to the backscattering 
current, hence it determines its direction. Since this process modifies right-movers to left-movers, such backscattering 
enhances the current. Thus, paradoxically, the scattering of particles backwards adds electrons to the forward flow. 

The above qualitative discussion was based on an effective single-particle picture. Certainly, our systematic approach 
that leads to essentially the same conclusions does not rely on such a simplified picture. 

Two important ingredients of the above arguments are inelastic backscattering and energy dependence of the 
backscattering amplitude. Both conditions can be realized in a non-interacting system. This will not however result 
in current enhancement since the third key ingredient is missing: Backscattering amplitudes in a non-interacting 
system depend only on the absolute value of the electron momentum but not on its direction in the case of symmetric 
geometry considered in this paper. On the other hand, in the absence of the symmetry in a non-interacting system, one 
gets generation of the photocurrent instead of enhancement of the injected current. The direction of the photocurrcnt 
is not related to the sign of the voltage and it can flow at zero voltage. 
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III. MODEL AND SKETCH OF DERIVATION 



Below we provide a quantitative theory (valid for general Vyu). 

We consider spinless electrons and concentrate first on the case of zero temperature. Our starting point is the 
Tomonaga-Luttinger model ||5|,[ll[| with a point impurity. The Hamiltonian reads 

H = J dx[-hvFi^U^)id^^R{x) - ^[{x)idMx)) + K{x){^l{x)^Rix) + ^lix)^jLix)f 

+Six)W{t){ijliO)^R{0) + ^p],{0)MO))i (1) 

where 4'R and ipL are the fermionic field operators of the right- and left-moving electrons, vp is the Fermi velocity, 
W{t) the potential of the impurity located at the origin and K{x) - the interaction strength. We take K{x) = K 
in the region —L/2 < x < L/2, and K = at \x\ :s> L. Thus, we assume that the electron-electron interaction is 
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completely screened at large x. Below we set vp and h equal to unity. We assume that the right- and left-movers are 
injected from the leads with chemical potentials /Lt/j = 0;//^ = eV > 0. Note that in our notation is located on 
the right (Fig. 1). 

We use a set-up in which the interaction strength K = in the right and left parts of the system. This is the model 
used in Ref. iQ. There are many approaches to model leads, the bias voltage, and other details of the systems. They 
reflect different possible set-ups. Some details of the behavior may be sensitive to the details of the set-up. We limit 
our discussion by the set-up used in Ref. p7| ]. 

The choice of the Hamiltonian in the form ([^) assumes that the interaction is short range. This means that the 



Coulomb interaction between electrons is screened (by the gates) |18 

We follow the technical procedure developed in Ref. for a static impurity. We employ the Keldysh formalism 
p9| . At t — — oo the impurity potential is absent, W{t) = 0, and then it is gradually turned on. Thus, at the initial 
moment of time the Hamiltonian (|^) is time-independent and commutes with the operators of the numbers of right- 
and left-moving particles Nn and N^. Hence, initially the system can be described by the partition function with two 
chemical potentials hr = and ijll = gV conjugated with the particle numbers Nr and N^. 

It is convenient to switch to the interaction representation H H — ^irNr — ^i^Nl- This transformation introduces 
time dependence into the ij^L operator. Thus, we have to substitute tpL -i/ji exp(— leW), -i/jj^ -i/jj^ exp(zeyi) in 
every expression where those operators enter. In particular, the impurity contribution in Hamiltonian (|^) now reads 
5{x)W{t)(ij;\{Q)tj;R(Q)e^^{iijJot) + h.c), where wo = eV . 

Next, we derive an expression for the current operator. The current includes the background contribution from the 
particles injected from the leads and the backscattering contribution associated with the impurity and proportional 
to the backscattering rate. The background contribution is equal to the current in the absence of the impurity. Since 
/ii > 0, the background particle current (of particles with e < 0) flows to the left. 



The background current is simply /q = e^V/h |17|. The backscattering contribution is time-dependent due to the 
non-stationary nature of our problem. The dc contribution to the total current must be independent of the coordinates 
due to the charge conservation. Hence, it can be represented in two equivalent forms: 

hc = lL -IT = Ir ^Ir, (2) 

where Ij^ and are the currents of right- and left-movers injected form the left and right leads respectively, 
and are the currents of left- and right-movers incident to the left and right leads respectively. The difference 
J]^ — I*^ = dN^/dt, where the bar denotes the time average, dN^/dt is the change in the number of left-movers in 
the wire due to backscattering off the impurity. Hence, Idc = Ir — IZ* + dNL/dt. The currents of injected particles 
and Ij^ are the same in the absence and in the presence of the impurity. Finally, we obtain for the dc current 



e'V dNL 
''^=—^'^- 

Thus, the backscattering particle current can be defined as Ihs — dNL/dt — ~dNR/dt, where Nl and Nr are the 
particle number operators. A positive value of the backscattering current corresponds to the enhancement of the 
background current. In terms of the -i/j-fields the backscattering current operator (in the interaction representation) 
is given by the equation 

ibs = -iW{t) {4,1(0)4, RiO) exp(ic^oi) - h.c). (4) 

Since W{t) ~ cos wt, one finds that there are two types of time-dependent terms in the Hamiltonian and the current 
operator: (i) terms proportional to exp(±z(w + ujo)t) and (ii) terms proportional to exp(±i(ct; — ujo)t). If only terms 
of the first (second) type existed our problem would be equivalent to a static impurity in the presence of an external 
voltage drop Vl(2) = (i^o ± w)/e (in the appropriate interaction representation). Hence, the backscattering current 
can be represented as /bs = Ii+ 12 + 112, where /1.2 denotes the backscattering current in the static problem with the 
voltage Vi_2, and I12 is the 'interference' contribution. We will see that to the lowest order in the impurity potential 
the interference current I12 is ac, hence the dc-current is made of Ii and I2 only. Hence if one is interested in the 
averages over time t > l/oj, the contribution I12 drops out. We know from Ref. |^ that /i,2 ~ |Vi,2p^~^, where 
g = ttTlv F / [t^^v p -f 2K) is the standard dimensionless parameter of the Luttinger liquid. For g <l/2 the exponent 
2(7 — 1 is negative, hence the main contribution to /bs is I2. Thus the direction of the backscattering current is the 
same as in the static problem with the voltage V2. At a; > the sign of this voltage is opposite to the sign of the 
applied voltage V . This shows that the backscattering current enhances the background one. 
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IV. QUANTITATIVE ANALYSIS 



In order to actually calculate the currents Idc — Ii + I2 and /ac — I12 we employ the bosonization transformation 
l|,[l6|. This leads to the action 



L = / dtda 



— ((9t$)2 - - ,5(x)t¥(^)(e*^^*(*^"=")e'■"«* + h.c.) 

8tt 



(5) 



where W{t) — Ucosuit and the bosonic field $ is related to the charge density as p = e^Jgd^^ / {2-!:). The same 
action describes a quantum Hall bar with a (time-dependent) constriction |12|. In that case g is the filling factor 
g = 1/ (2n + 1). The current operator reads 

/bs = -iiy(i)e*v^*(*'^=°)e*'^°* + h.c. (6) 

To find the backscattering current at the moment t we have to calculate the average 

{Lit)) = (0|5(-(^;t)/bs(t)5(t;-(X3)|0), (7) 

where (0| denotes the initial state, S is the scattering matrix. As we remember from the previous section, the initial 
state is defined in terms of the two chemical potentials of the right- and left-movers. To the lowest order in W 

S{t; -00) ^1 -I f dt'[W{t')e'^^'^''''==°^e''^°*' +h.c.];Si-oo;t) ^ S*{t;-oo). (8) 



Further calculations follow the standard route fl^ and show that the current / = /dc + -^ac includes a dc-contribution 
Idc and an ac-contribution /ac of frequency 2uj. One evaluates expression (^) using the Green function of the Bose 
field: 

(0|$(i)$(0)|0) = -21n(5-|-ii), (9) 

where 5 is infinitesimal. We first discuss the more interesting dc-contribution. It has different forms at lu > ujq = eV 
and uj < cjQ (cf. Fig. 2) 

772 

/dc = 7r7 r^T{l~2g)T^3sm{2ng)[{uj-UJo)^s-^ ~{uJ + UJo)^'-^], uj > ujo; (10) 

2[VFTcy 

I^^ = -—^^T{l~2g)T^Ssin{2ng)[iu;o-Lu)^'~' + iu; + u;ofa-'], iuKuo, (11) 

where Tc ^ l/-EFcrmi is a short-time cutoff. While at 5 > 1/2 the current I^c < in both cases, at strong interaction, 
g < 1/2, the backscattering current becomes positive as w > wq- In other words, in the latter case it flows in the 
direction of the background current. In the limit ujq one finds a correction to the conductance (which would be 
equal to G = e^/h m the absence of the impurity |1^]). The correction 



AG - ^ (^^) (1 - 25)c.29-2r(l - 2g)T^3 sin(27rg) (12) 

is positive for g < 1/2. The generalization to the case when the time-dependent potential W{t) contains several 
harmonics is straightforward. 

The results ( [To|Jll| ) are obtained at zero temperature. As T > — wo| the expression for the current is modified. 
The effect of finite temperature can be determined with the Keldysh technique |19|. To avoid cumbersome expressions 
we discuss here only the limiting cases. A full expression for the current has the opposite sign and the same absolute 
value as the sum of two expressions of the form (A5) 1^ with a{t) = (wq ± ui)t and g ^ 1/g. At low temperatures 
Lu + luq > T > \lu — loqI the backscattering current is given as the sum of two terms, proportional to (uj — ujq)T'^^~'^ 
and to [uj + cjo)^^^^ respectively. The current becomes positive (enhancement of the total current) for u > loq, 

/ _ Nl/(2-2g) 

T < [lu + uJo) i 1^^^° j . As T ^ u!,V the dependence of the backscattering current on u; drops out. The latter 

turns out to be always negative: /bs ~ —u!oT'^^~^ . 

There is also an ac contribution of frequency 2lo to the current. At T = it reads as follows 
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I.c{t)= r{l - 2g)T^s cosing + 2ujt)siniTTg)[{uj - uJo)^^-^ - {uj + uJo)^'-^],uJ > ujo; (13) 




ac 



(t) = - r(l - 2g)T^^ am{ng)[cos{2ujt - ng){uJo - + cos{2ujt + ng){uj + ujQf^~'^],uj < wq- (14) 




In our model we neglect forward scattering at the impurity. This approximation is valid in the case of a weak 
impurity. Indeed, both forward and backscattering terms in the Hamiltonian have order U. The backscattering current 
includes three contributions: one goes solely from backscattering, the second solely form the forward scattering term, 
the third is the interference contribution. The second contribution is zero: forward scattering alone cannot modify 
the current. The interference contribution is zero up to the second order in U . Indeed, the backscattering current 
operator dN^/dt — i[H, Nl]/'^ has the same form (^ both in the presence and in the absence of forward scattering. 
Hence, the interference contribution can be found from Eq. (|^). For this one has to add a forward scattering term 
to the expansion of the ^-matrix up to the first power of U Eq. (|^). A simple calculation shows that the resulting 
interference correction is zero indeed up to the order [/^. Nonzero corrections are possible in higher orders. 

Thus, our calculations are restricted by the case of a weak impurity. Note that the current enhancement is impossible 
for a strong impurity: An infinite barrier cuts the systems into two independent pieces and the total current is just 
zero. Hence, there is a critical impurity strength at which our effect disappears. 



A possible experimental realization of our system is a one dimensional wire in the presence of a time-dependent 
gate voltage that allows to obtain a time-dependent constriction in one point. External magnetic field must polarize 
electrons in the wire. 

Another possible experimental realization of our model is a Hall bar with a constriction pof . The role of the 
backscattering impurity is played by the constriction that gives rise to weak tunneling of quasiparticles between the 
two edges. The tunneling amplitude can then be made time-dependent by application of a time-dependent gate 
voltage. If the system is tuned such that it is close to a resonance jsj then it can be described by the Lagrangian 
(|) with W{t) = U cos ujt. In the absence of tuning a static contribution Wo should be added to W{t). Still if the 
inter-edge tunneling is weak and to is greater than the product of the voltage difference between the edges and the 
quasiparticle charge, we expect an enhancement of the Hall current in the FQHE (at filling factors g ~ l/{2n + 1)) 
as compared with the absence of a time-dependent perturbation both at Wq > W and Wq < W. On the other hand, 
the time-dependent tunneling decreases the current in IQHE where the filling factor 5 = 1. 

Both in IQHE and FQHE cases our system can be interpreted as a rectifier: It transforms an ac gate voltage into 
a dc current. There is also a relation between our problem and pumping 0|. Pumping requires two time-dependent 
parameters while in our problem there is only one such parameter, the impurity strength. However, as we have 
discussed, for the calculation of the backscattering current the voltage can be gauged out giving rise to an additional 
time-dependent parameter. Thus, the backscattering current can be interpreted as a pumped current. There is also 
an analogy between our problem and photon assisted current: in both cases there is a time-dependent parameter and 
the left-right symmetry is broken (in our case by the voltage). 

A more general question concerns the effect of external noise on the quantum wire. One can consider the tunneling 
amplitude W{t) — J duj[U' uj cos cut + U"ujSmujt], where {{V ^)'^) = {{U" ^Y) — S{uj) is the spectral function of the 
noise. The simplest realization of a random W{t) are thermal fluctuations of the gate voltage in the set-up discussed in 
the previous paragraphs. Another related problem is the effect of the irradiation by phonons. If a hot spot is created 
in the region of the constriction then phonons give rise to a time-dependent backscattering. The total backscattering 
current can be obtained from Eqs. ( [lO|JTl| ) integrating over uj and substituting 2S{lu) for U^. Note that for white 
noise, S{uj) = const, the backscattering current calculated in such way vanishes aX g < 1/2. Note however, that a 
mathematically ideal white noise includes frequencies which are higher than the Fermi energy. At such frequencies 
an approach based on the Luttinger model cannot be used. This will result in small non-zero corrections to the 
conductance. 

In conclusion, we have found that backscattering off a point impurity can increase the conductance of a quantum 
wire. This is a manifestation of the strong electron-electron interaction as the Luttinger liquid parameter g < 1/2. 



V. CONCLUSION 
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FIG. 2. Qualitative dependence of the backscattering contribution 7dc to the dc-current on the frequency ui at g < 1/2. 
ujo = eV/Ti, where V is the apphed voltage. Note that Jdc > as a; > a;() (total current enhanced). Our approach based on the 
lowest order of the perturbation theory is insufficient for the region u; « wo- 



